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B MOTIVATIoN

Defi they in AG- infinitesimal defms
Infinitesimals are <Art *k()s2
A def of X over Speel is flat
#- > Spect st 2( * k =X



Ist order然 K*xs isadeff器
Abstracted into a deformation functor
cArt E Set satisfris F(k)=*
& some descent/gluing properties
Better : use derived def · functer
aka formal moduli problems

≤O
ie. functors edgArt-> sSet
~ some descent properties .

fisetter since e .g . they sheafify) { after

Th/Lurie-Pridham correspondence)
Deligne

= an equivalence of to-cats
FMP- -> dgLie



Prosfidea Calcutus !
ー

a FMP is some sort of formal stack

so has a targent complex T which is

a Cshifte) dgla.
Can integrateT formally locally.
_

In fact, this is more or less the

Kostul duality between Com & Lie.

thm (noncommutative version-Curie)
ー

ncEMPc> dgAlgaNg
Fantagtnksset)
this is the associative-associative KD
ー

#coalgeres? Useful to obtain
various representability resitts forー

FMPs· Idea: dyCog is best approx.
to dytly using just dgAty.



6GALGEBRAS & CALGABRAS
Recall a dytty is a monoid in
_

(Ch(F),2) , ie A with K-A

& A*A -> A

A ismented if EA->k

sphitting the uit.

M is a chain map
> Leidnit rule

Def a dylog is a comonsid in Ch(K)

iec with Cokf Ccc
+ coAss+ colm

O is a chain map >d is a coderivation

&d = (doid+ ided)

a morphism of coalgedes is a morphism of
comonoids,



tem if C is a dye then

CF is a dga-

If A is a fin dim dye then Af is a dga

dgGg = dgAlgP via
# vow*-Now

- &g+ (vow+- f(u)g(w)]
→

A dy Cy is coaugmented if C->k has_

a cralgese split.
In this case

,
[= Ker(c+k)= Coker (k->c)

is a noncomital dylog / reduced comultiplicatin
E. t→ toc

⑰ a coany C is conilpotent
_

if Fret IN EN =o .



LDet V a dgvs . the tensor coalgesta

of V is TV = Revere ..

o/ deconcatenation exproduct
*(v,a- *m) = [v,a-viD VitD-evn

i

Iti conilpotent
In feet TV is the coffee conil coaly on

in the sense that

Cogcont(c,T'v) = rect (C, 2)
Enk coffee cosion exist dut are nasty.



PSELDOCOMPACTAlgebras

DefC a cat .

inde ="Formal filt , colins in e"

in objects = 1- e - I filteredE
on

inde(xy) = 器紧

Hbm(←i , y )
directed

Similarly proe-ind(ep)p

pose

'

"fondcofilt lim

ie' Eiy)=etbutty)verse
j i

#I has filt colirs, have lim : inde->e

Always have -> inde
crt→e]



* Every us is a colim of its fol
suspaces
So Le : ind Verty-> Next is ess, surfi
It's also fully faithful since every object of
Voted is compact .

So indrectedVest

θ
pro (Vectip)E VectP

Bu vetop = Vertel via *

⑳ recta protected "profinite
vector spaces"



#ht Oglong = and

(dgcogen) /NePermany& dylog= pro (dgAlgfd) conil/nit

"pseudocompact dy algedes"
Itrootidea 1) Fundamental thi of coalgedes
: every XeC is containedon a fin dim

C'IC surcodly (Proof : some easy algebra]
27 fin dim cralys are compact
As before we conclude dyloy = inddyCopfin
& since dgloggAlg
we conclude aglogic prodyte D



A pAly := prodytlyed
Inverse limits get discrete topology
=> potty(ff> TopAlg

a fin dim aly is pa

KKX] with its usual top is pC

Dual is TC**) Evect K(xi]

More generally, TCVEKKV*D)
☆

when V is if-dim,
have to interpret appropriately
as

ーKevte(uFart)p ...



emuAR& COBAR

Let A an augmented dy alg.

BA = (([C]), da+0)
& is the for differential
·(a ,a- pan)=E(-)a,x-aia,0-an
Chemma : d+0 is "a differential)toesiete
clearly BA is conilpotent

Ref Similarly, C a comil . dylog .

2c = ( (c(-1))
,
d
,
+0)

2 (x- c) = [G)ic , - 0ai - an



Et Put A= (BA)* dgAly
In fact A IREndy(k)
(oar resolution] or med-comed KD

so thick (k) = perA
!

This is a weak version of
module - comodule ID.



EX a pc top space

C
.

X = C
. (x,k) dyCog (0 :x=x*x)

C. ex = C. (2X,K) dyAly (Moore loops)
Adams 'Sq(T+i =0), Rivera-Zeinalian 117

1 c
.
X 1 C.RX

this is my color is denoted

with 12



*y r+ B
Proof requires some new notions.

D C dgc, A Aga
the convolution alget is
Hom (CA) with multiplication

fig : (=>CoCESJADAA
DE a dgAg , o Maurer-Cortan elt
~ E is xeE' st dx+x2=2
get a set MC(E)- E'
r* x MC<X dx = d+f>,X) is a

diffl
# in chart2

, x= ((x,x)
so the2 ep is detext = =0.



Proof of adjunction "twistiny
ー f cochains"

we sho Hom(1C, A)=MCHom (C,Ä)
- Hom (C, BA)

Only shor first iso; second is similar .

Forgetting the differential,

grAg(ec,1) - HomIt) Since#
is free on[G1]
compatibility with differentict>MC elements -

T A a dyAlg
LBA->A is a cofident

dgAly resolution.

Po Just need to show is a gise
Idea :

-> epectursegnenaorgumentnas_



P i preserves gisos (sper. seg ...)
& das Isee Csnple)
It say -C is a

weak equivalence if MC -IC

is a giso.
A->A

!

the is sends gisos to WES
MBA-rBal

of sends Wes to gisos clear .

Th C-TBOC is a weal equir

Perf Zigzey identifies for adjunctions
=> eC ->ABRC has a retract

given by RB(C)->-(
which we know is a giss.



Ef X a po top space

(C. rx)
:
= (BC .rx)

*

= (Brc . x)
F

= ( .x)
*

- cX

E C= C
.

So

D=乳)
*

than (EgiD Lut CEweD
since RCC.

&S'1 C
.
L *k(t,+]

dut eD = k(t]



Da tristing cochain

TE MCHoM(C,A) is acyclic
if the corr Map LC->A is a gise
↳ I acyclic ET C-TBA is a WE

Pe + acy= BRC-BA VE

But C-> BA factors as CBRCBA

C- BA We =) 12- rBA gise
But rEBAA

Thy (Positseski) (of Quillen,Hinich, Leferre-Hasegawa,...)

dylegconit is a mode category & dou-codar is

a Quillen eguiralneaonil a
usual mo. str.

=-> dyAlgn9 : B

1 particular, we get on equivalence of O-cats

M : dyloybnil(WE']<> dgAlgang[gisol): i5



MODULE-coMSPULEKD after
Positselski

.

쁘 C a dylog
a dy-<- comodule is a dgls N

with a
coaction map P:N-NoC

st. N& NAC NP NOC

↓ & Lide I VidAddonpaid
Noc->NoC N

Morphisis
are

linear maps respecting
coertions

쁘 *: C-comed-> CF-Mod

sar from being an equivalence
_

쁘 C-corod= ind (C-comodfd)
via a similar fundamental thm



C-como is naturally a dy
Etegory & so has a

homotopy category HP(C-comed)
whic is triangulated

dat
Canalogue : k (A -mod)] whS

Def The smallest localising judcat
_

of Ho/c-comd] containg totalisations

of exact triples ofaomodules
is the Suit of Encyclic
comodules Acc

DI D℃: =tI
(℃

is the coderived category of<



Rank Linear dual gives a factor_

D
*

C D(C-Come)-> D(c*)
*P

First is far from being fully faithful
since it kills all coacyclic crods

Second fails to be both f & eip.

In fact Acyc =
+
C

Under some set-theoretic assumptions,
Cropinka's principle) we have

Colocpco, (c) = D(comed
-C)

& a SoD

DOC = <D(C-comed), Any"()



Injective resolutionsー
a C-comal N is inective if N#
is an injective grode C#- cmodule
(summond of a coffee COV)
piof
C-InjC-Comed induces an

equivdlence
Ho(C-(j)->+(c-coma)-> D+(c)

Proof ideas
_

1) every
conse N has a color rath

CON-COCON- -.. which is injective ·

2) Hom (Acy*C, C-1nj) =0.



Hop C-Comed is a set

of compact generators for DC.

Prant5 show
1) fin dim comeds are spot

2) D"C = Loc ((-Comodfdl)
1) uses descriptio of D*C = H

*

(C-hip)
2) Idea : any comodule is a filtcolim.
of fin - dim comods

←

Ank a has a coradical filtratios

showing thatC.TsConilypatent over some

cosemisimpledg coalyse.
This passes to comodules, & on fact

C-Comey= thick (Cess)



So whe C is Conilpotent (Cass =1)
we see that the C-compute #
is acpat generator of D&C.
Intuition : coalges& their comets

belave like fin dim alys &
fin dir nods ! e.g - if A is a

fin dir aly -them

D' (A-mod) = thick (AradA)
viathe radisah filtration.

Sweedler

Witeac=C 'IC2asshorthand for
Ec= 동eirC.
Similarly if P : N-

>CON a comoc

write pr= nint with
neC
neN



From
tiple( C, t,

τ)

ŵ 装
<

"A an

acyclic twisting cochain

(ie r(ea & c=BA)

If M is an A-medle, get a

C-comodule MDC

with differential twisted of the term

MOCk = m . t(c)@i

Similarly if N is a C-coneule, get an
Armodule NEA -dif. tristal by
NOa→± の

何τ(=)a



Thm (Positselski)
The functors M +7 MOCC

N+ NBA

give mutually inverse triangle functors
D
∞

(c) = DSA7 I
in fact this comes from
a Quillen equir of
model cats.

#of 1) If N is coacyclic then
NDIA is contractice

Check on exact triples]

2) if M is acyclic then
MDTC is coacyclic
[filter by tensorlength on C]

Ht2= have finctis DCCII DA

3) -θ
A
1- θtC

[not too hard]



Need t check

4) MDC**g ;
M

[LHS isJar agC of M]
s) NOㆍAOㆍC Fv급 N

Canother filtration argument]

‰ check DOCE DA
1

k =--> A

ck

using dar rst's.

↓ fact it's an equir of dy cats so we get

AFRADoc (*)

CFIRENDA(#)



SCONTrAMODULES
A contramodute/C is a dgus P
with an appropriately associative map

Hom(C, p)->P

EX if N is a C-comed then Hom/N
,v)

is a C-ctrmodfor any dyvs v
The free ctrmods are those of the

form Hom (C,v)

Dually as before, these fit into
a

contraderivel category

Detc = tP(cyrc
colocalising on

{ totalisations of
SESs



& for any C at all we have

pctrc 1D"C
N-> Hor,(,N)

(Op-- P

this is Positelski's
comodule - contramodule correspondence

an explicittrist of the
Koszul triality : of form HomF(c

, -)
_

DAL DOC 1 D'Arc

KCDct

A> ki k

At-x



& possible extras

1) Positseski has KD for

culegaonil =- dgAlg
both module - comodule &

algedn-coalgede

2)More on defi theory
(DAGX ---)


